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Abstract 

In this work, we study Lagrangian formulations for self-dual gauge theories, also 
known as chiral n-form gauge theories, for n = 2p in D = 4p + 2 dimensional spacetime. 
Motivated by a recent formulation of M5-branes derived from the BLG model, we 
generalize the earlier Lagrangian formulation based on a decomposition of spacetime 
into (D — 1) dimensions plus a special dimension, to construct Lagrangian formulations 
based on a generic decomposition of spacetime into D' and D" = D — D' dimensions. 
Although the Lorentz symmetry is not manifest, we prove that the action is invariant 
under modified Lorentz transformations. 
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1 Introduction 



Self-dual gauge theories, or chiral theories, are full of both physical and mathematical 
interests. The goal of this work is to provide new Lagrangian formulations of self- 
dual gauge theories for spacetime dimensions equal to 2 modulo 4, i.e., D = 4p + 
2, for p = 0, 1, 2, 3, • • • . This includes chiral bosons in 2D, self-dual 3-form gauge 
field for M5-brane in M theory and self-dual 5-form gauge field in type II B superstring 
theory. For simplicity we will assume that the spacetime is Minkowski space. It should 
be straightforward to generalize the formulation to curved spacetime with Lorentzian 
signature. 

Let us recall that the dual of a tensor T in D dimensions is defined as 

T = - r TPk+VPD (1\ 

- t Ml-Mfe — (£) _ Ml "' Ml3 ' ^ ' 

The self-duality condition of a gauge field is 

^ = ^-^ = 0. (2) 

Apparently the field strength must be a D/2-form, and D must be even. Self-duality 
conditions are not consistent in D — 4p (p = 1, 2, 3, • • •) dimensional Minkowski space, 
and they will not be considered in this work. 

It is well known that, without auxiliary fields, a manifestly Lorentz invariant action 
cannot be found for self-dual gauge theory. In the literature on self-dual theories [H [2] , 
a special (but arbitrary) direction has to be singled out to write down a Lagrangian. 
Recently, in the study of M theory, a new Lagrangian formulation of M5-brane in large 
C-field background 0, HI [5], which is a self-dual gauge field theory in 6 dimensions, 
was derived from the BLG model [6l [7] for multiple M2-branes. In this formulation, 
the 6 coordinates of the base space are divided into two sets of 3 coordinates {x a }^ =1 
and {x a }| =1 , in contrast with the old formulation of M5-branes [8], which uses a de- 
composition of base space coordinates into two sets of 1 and 5 coordinates. While 
both decompositions 6 = 1+5 and 6 = 3+3 admit Lagrangian formulations of self-dual 
theories, the natural question is: does there exist a formulation corresponding to the 
decomposition 6 = 2+4? More generally, for a self-dual gauge theory in D = 4p + 2 
dimensions (so the gauge field strength is a (2p + l)-form), can we find a Lagrangian 
formulation for all possible decompositions D = D' + D"? 

The answer to the question above is yes. In the following, we provide new La- 
grangian formulations for arbitrary spacetime decompositions. The action is given in 
section 2, its gauge symmetry in section 3. The proof that the theory is a theory of 
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self-dual gauge fields is given separately for three classes of decompositions: (i) D' = D" 
(section 4), (ii) D" > D' = odd (section 5) and (iii) D" > D' = even (section 6). We 
show in section 7 that although the action is no longer manifestly invariant under those 
Lorentz transformations which mix the two sets of coordinates in the decomposition, 
the action is invariant under certain modified Lorentz transformation laws. In section 
8, we give the interaction term in the action to describe the coupling of the gauge field 
to a charged {2p — l)-brane. Explicit examples for (D',D") = (1, 1), (1,5), (2,4), (3,3) 
are given in section 9. We point out the relationship between our result and the holo- 
graphic action of Belov and Moore [9] in section 10 and our conclusion will be given in 
section 11. 

2 Action 

We decompose the Z)-dimensional Minkowski spacetime as a product space Ai D = 
A4f' x M.2 ■ Correspondingly, the spacetime coordinates {a; M |/i = 1, • • • , D} are di- 
vided into two sets 

Mf : {x a \a = l,-- ,D'} and M? : K|d = 1, ■ ■ • , D"}. (3) 

We assume that D' < D", so that 1 < D' < D/2. This is just a convention except 
that when D' is even, the signature of M.f must be Lorentzian, and the signature of 

M.®" Euclidean. The Lorentzian signature of spacetime can be either (H — • ) or 

( — h • • • +)• The expressions below are valid for both conventions. 

Due to the decomposition of the coordinates, the gauge potential A^...^ is naturally 
decomposed into fields of different types depending on the number of dotted or undotted 
indices as 

.,,,„;..,>,, , | j = 0, . . . ,D' — a, }, (4) 

where 

a = 8d\d/2 (5) 

so that D' — a = min(D', 2p). D' is greater than 2p only for the special case (D', D") = 
{D/2, D/2), and the parameters a is used to keep track of whether the decomposition 
D = D' + D" happens to be the special case {D',D") = (D/2, D/2). The indices 
cti • • • dj of A in PJ should be skipped altogether if j = 0, and di • • - h^p-j skipped 
altogether when j = 2p. All expressions below should also be interpreted in this way. 
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Naturally, the totally antisymmetrized tensor in D dimensions is naturally decom- 
posed into a product of the totally antisymmetrized tensor in D' and D" dimensions 

For an arbitrary tensor T^...^^...^^ .^...j we will use the notation 

T[ f j, 1 ...^ k \u 1 ---U l \ll k+1 ---fl m }--- = ~T S g n (°")^)tCT 1 ■■■^a h U 1 ---U l ^ h ^ -H am -, (7) 

where the sum ^ a is carried out for all permutations of m objects and sgn(cx) is the 
signature of the permutation a. Note that the antisymmetrized tensor is normalized 
by 1/m!, and that the indices sandwiched by | • | are not antisymmetrized. Using this 
notation, we can express the field strength and its dual as 

F ai ... aj a 1 ...a D / 2 -j ~ 3^\a\^ai...a i \a\...a- D (D/2 — j ) ( 9[d D / 2 -j ^|ai ■■■«D/2-j-i] ' (^) 

( — )(t -j)( D '-j)f f- ■ fra,j +1 ...a D ,a D / 2 -j+i-a- D _ D i 
p V I ^a 1 ...a D ,tg 1 ...a D _ D ,i 

r ai ...a j a 1 ...a D/2 _ :j - - - i^' + j)! 

forj = 0,l,--- ,D>. 

The following two identities, 

rp fpai...ajdi...d D /2-j 
r ai...ajdi...d D / 2 -j 

iH- - iV ■ ■ 

2 "" ' Fai ...a D ,_ jai ...a D/2 _ D , + ^ (1Q) 



_ — D' + j)\ ai - aD '-3 ai - aD / 2 - D '+j J 

rp Tpai...ajai...a D /2-j 
1 ai...ajdi...a D /2-j 

iH- - ?')' ■ ■ 

— J v 2 J ' rp . . rpa 1 ...a D ,_ J a 1 ...a D/ 2_ D i +J 

will be useful in the calculation below. Another notation we will use below is 

The main result of this paper is then this. For the decomposition D = D' + D" of 
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spacetime dimension D = Ap + 2, the action of a self-dual field theory is 



Sd'+d" 



d D x 



L /ii/i 2 ---M,D/2 



D 

£ 



(£>/2)! 

F 

^ ai...a ? ai 



■p-ai—ajai...a D /2-i 



iK? -3) 



D 



i /• " P . . -pa 1 ...aja 1 ...a D / 2 _ j 

dPx /"I ■■■"/' : 



J'!(f-i)!2^ 



D' 



5 ^ E 



oi —a D i_ ^oi- ■a D /2-D'+j 



-pai...a D i_ j ai...a D/ 2-n'+i 



1 = \^ 



(13) 

(14) 
(15) 



where we used the two identities (ITUjl and ( JTTT) to express the action in 3 different ways 
for the convenience of the reader. In the 2nd and 3rd expressions of the action, the 
factor 2 s i' D '/ 2 in the denominator contributes only when D' is even. In the following we 
will show that the equations of motion derived from varying this action are equivalent 
to the condition of self-duality, and that this action is invariant under a hidden Lorentz 
symmetry although it is not manifestly Lorentz invariant. 

It was pointed out in [in] that the quantum theory of a self-dual gauge field is not 
unique on a generic spacetime. Instead there is a 1-1 correspondence between the spin 
structure on the base space (spacetime) and the path integral of a self-dual gauge field. 
The action proposed above is presumably the action suitable for spacetime with trivial 
topology so that the spin structure is unique. We leave the issue on topology and the 
definition of quantum theory for generic spacetime manifold to future works. 



3 Gauge Symmetry 

The self-duality condition 

J 7 =0 

can be decomposed into D' + 1 different types of equations 

J~a 1 ---a j a 1 ---a D / 2 -j = (j = 0, 1 , • • • , D ) . 



(16) 



(17) 



(The quantity J 7 vanishes identically if j > D' because J 7 is totally antisymmetrized in 
all indices.) But not all of them are independent. In fact, only \(D'+l)/2] , roughly half, 
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of them are independent. (\(D' + l)/2] denotes the smallest integer not smaller than 
(D'+l)/2.) Hence the action, if it is correct, should produce \(D'+l)/2] different types 
of independent equations of motion that are equivalent to these conditions. On the 
other hand, the number of different types of gauge potential components is (D' — a + 1) 
(see eq.(j3J). Varying them in the action should give us (£>' — a + 1) different types of 
equations of motion. Except the special case (D',D") = (1, 1), for which the number 
of equations of motion equals the number of self-duality conditions, for all other cases, 
(D' — a + 1) > \{D' + 1)/2~|. Thus, in general, the equations of motion cannot be all 
independent. The number of equations of motion that are trivial should be 

(D' _ a + 1) - \{D' + l)/2] = \D'/2] - a. (18) 

It turns out that the action (1 1 3ti 1 5 j) has the special feature that many components 
of the gauge potential appear only in total derivative terms. Therefore, in addition to 
the ordinary gauge symmetry 

A-^A + dA, (19) 
the action is invariant under the following gauge transformations 

(A; = 0,1,...,|D72J-1), 

!.,,..„»,.,,, ,(■<") (k=[D'/2\), (20) 

^a 1 ...a k a 1 ...a 2p . k {x a ,x") (k = [D> /2\ + 1, . . . , D> - a) , 

where the /'s are functions independent of all a; a 's, and the $'s are arbitrary functions. 
By choosing $ suitably, (|\D'/2] — a) of the (D' — a + 1) different types of A fields 
can be gauged away. Thus there are only \(D' + l)/2] types of nontrivial equations of 
motion, as it should be (see ffl8|) ). The gauge transformation parametrized by the /'s 
in ( f20l) will play an important role when D = 2. The fact that the action is invariant 
under the transformations ( f20|) will be checked below when we compute the equations 
of motion. 

In the following we will show case by case that, for (1) D' = D", (2) D' < D" 
with D' odd, and (3) D' < D" with D' even, the space of solutions to the equations 
of motion defined by the action (f!3l) is the same as the space of all self-dual field 
configurations. More specifically, the equations of motion in our theory (for those gauge 
potential components that cannot be gauged away) are 2nd order differential equations 
which can be integrated into 1st order differential equations with arbitrary functions 
introduced as integral "constants". These additional functions can be identified with 
those components of the gauge potential that are gauged away, or as a shift of those 



S A ■ ■ 

u ^ai...a k ai...a 2p -k 

SA ■ ■ 

u ^ai...a k ai...a 2p -k 

SA ■ ■ 

l ~>ST-a 1 ...a k a 1 ...a 2p _ k 



5 



fields that can be absorbed by a field redefinition. After this identification, the 1st 
order differential equations are exactly identical to the self-duality conditions. 

Strictly speaking, the derivation given below only implies that every solution to the 
equations of motion of our theory correspond to a self-dual configuration, but it does 
not immediately imply that every self-dual configuration can find its counterpart in our 
theory. To prove that the space of solutions for our theory is really the same as the 
space of self-dual configurations, one needs to count the number of free components 
in A and examine the constraints (equations of motion or self-duality conditions). We 
have carried out this straightforward yet tedious proof case by case but will skip it here. 



4 D' = D" 

For the special case D' = D" = -j = 2p + 1 (and so a = 1), the gauge transformation 
laws (120]) are 

^J^ai...a2 p -kO-i...a k _ ^a\...a2 p - k ai...a k (^.a A; = 1 p 1 

^j^ai...a 2 p-kai—a k _ yai...a 2p _A i ai...d i . (% a ^ = p^ (21) 

SA a 1 ...a 2p ^ k a 1 ...d k = q ? k = p + 1 , . . . , 2p, 

in addition to the usual gauge transformation (jT9l) . Without loss of generality, here we 
assume the indices a, and dj correspond to the SO(D' — 1, 1) and SO(D") subgroup of 
the full Lorentz group, respectively. 
The action (fUj) is 

1 f 2 F + } F ■ ■ -pa 1 ...a j a 1 ...a2 p -j + i 

s = -± d D xY ai - ajQ1 -': 2 ;- J+ — x ■ (22) 

2i ^ j\(2p-j + l)\ y } 

Its variation with respect to ^ai-oap-fcoi-a* f or £ = 0, 1, ■ • • ,p — 1 can be shown to 
vanish using the Bianchi identity 

= o. (23) 



The nontrivial equations of motion are 

SS 



fij^a 1 ...a 2p -ka.\...d k 

For k = p, 



(k = p,...,2p). (24) 



" = 0; (25) 



fij±ai...a p ai...ap p\p\ 
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and the solution to (1251) is 

( \p 2 +l (: f. . f)^2 P +i (f>ap + i...a2p+ia p+ 2---a2p 

-p _\) c ai...a2p+i c ai...a2 p +i L/ ^ lna\ 

^a 1 ...a p d 1 ...d p+1 - (p+ l)!(p- 1)! 1 J 

for some arbitrary functions $ a p+i - a 2 P +iap+3 - a2 P +i_ exception is that when p = 0, 
the totally antisymmetrized tensor is trivial and cannot be used to write down a 
solution. In this case the general solution is given by F\ = fix 1 ) for an arbitrary 
function independent of x . 

If p > 0, we can use the gauge symmetry (1211) for k = p — 1 to achieve one of the 
self-duality conditions 

J~ ai ...a p ai...a p+1 = 0. (27) 

In case p = 0, we can use the second gauge transformation in ( 1211) ) to gauge / away 
and arrive at the same equation. 

The remaining equations of motion are, 

SS _ q ^ d b Fba 1 ...a p - 1 a 1 ...a p+1 + ^ Fg 1 ...a p _ 1 a 1 ...a p+1 b _ ^ ^g) 



^o 1 ...ap_iAi...&p + l (p — l)!(p + 1)! 



SS _ n _ (2p - fc + 1)9 6 (J" + F) 6ai ... a2p _ ftd ,.. Afc + (fc + l)d b (F + /••!„,._. 



^oi...a 2p _ fc oi...o i , 2(2p- £; + l)!fc! 2(2p-fc)!(fc + l 

FpTP _|_ r)^ F 

^ fba 1 ...a 2p - k a 1 ...a k T V r ai ___ a2p _ k a 1 ...a k b 



{2p-k)\k\ 



0, (29) 



5S _ n _ d b F b&1 __ M2p + d b F &i d2pb = ^ ^ 



Using ( )27l) . we can rewrite the first term on the left-hand side of ( |28|) . i.e., d b Fi ) ... 1 as 
d b Ft..., which equals —dF b ^ due to Bianchi identity. Together with the 2nd term, the 
left-hand side of (1281) is a total derivative of the form d b F b .„, and thus (|28|) can be solved 
in the same way we solved (|25|) . That is, we use the gauge symmetry (12T]) to absorb 
the functions arising due to integration, to obtain another self-duality condition. 
The same story goes on, and each equation of motion is found to be of the form 

d^F ai ... a2v _ khl ...a k+1 =0, (k = p + 1, . . . , 2p), (31) 
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after plugging in the solution of previous equations of motion. For k = p+ 1, . . . , 2p— 1, 
the solution to the equation above is 

(_\k 2 +l . f)ii2p+i(f)a2 p -k+i---a2p+ia k+ 2---a2p 

•ta 1 ...a 2 ^ k a 1 ...a k+1 ~ (fc + l)!(2p - fc - 1)! 1 ' 

for some arbitrary functions $. We then use the gauge symmetries (I2T!) (for k = 
0, . . . ,p — 2 in (T2TT) ) to absorb the right-hand side of (|32|) . 

The case of k = 2p is special, because •7 r di...d 2p +i has to be a function times the 
totally antisymmetrized tensor e^...^ +1 . The solution to its equation of motion is thus 

^'a 1 ...a2p+\ = e a 1 ...a 2v+ \ f( x )i (33) 

where f(x) is a function depending only on the D' coordinate x a , which can be always 
written as f(x) = d a f a (x) for some functions f a (x) depending only on x a . We can 
then absorb the right-hand side of fl33|) by a field redefinition A ai _ a2 — > A ai a2p + 
^a 1 ...a2 P +if a2p+1 - K is easy to check that this field redefinition does no spoil any of 
the self-duality conditions already satisfied. Hence we have shown that all self-duality 
conditions are satisfied 

^a 1 ...a 2p _ k a 1 ...a k+1 =0 (k = p, . . . , 2p) . (34) 

More precisely, since we have to make various field redefinitions and gauge transfor- 
mations ( |2T|) in order to obtain the self-duality condition, if the solutions of the our 
equations of motion are denoted by A, the corresponding self-dual gauge field configu- 
ration Asd is given by 

A a^a k a v ..a 2p _ k = r ; ...,„,„ ...„ : , ; . - for fc = (),..., p, (35) 

A ax^a k av.a 2p _ k = ^ + $ ^ 1 -a fc d 1 ...d 2p _ fc for k = p + 1, ■ ■ ■ ,2p - 1, (36) 

A a s } D - a2p = (A + ^r-^+e a ^ a ^f a2p+1 (x a ). (37) 

5 D" > D' = odd 

Consider the case D' = 2q + 1 < D" (0 < q < p — 1). The action is ([1 



1 r 2<?+1 TP . . -pa 1 ...a j a 1 ...d2p-j+i 

S = -L d D xY ,,! -' o, ' : , ^ 

2 7 j\(2 P -j + iy. 
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and the gauge transformations are (1201 

j^ai...a2 q -k+ia-i...a,2p-2q+k-i — ^) a i--- a 2q-k+i' 1 i---o-2p-2q+k-i rg®^ ^ = Q 1 g 

J^O,\...a2 q -k+\0,\...a,2p-2q+k-l — j a l--- a 2q-k+lO>l---< :L 2p-2q+k-l (^ a ^ — g -j- \ (39) 

^ai...a 29 _ fc+1 di...d 2? ,_ 23+fc _ 1 = Qj /c = g + 2, . . . , 2g + 1, 

in addition to the ordinary gauge symmetry. 
The nontrivial equations of motion are 

(fc = g + l,... ,2g + l). (40) 



j^ai . . .a 2(3 _fc+idi ■ ■ .d 2 p_2q+fe-i 

Starting with k = q + 1, we have 



=^ J ai...a q ai...a,2p-q+i q 



^ai...a 9 di...d 2p - 9 g!(2p — g)! 

and it is solved by 

( W 2 +l f c f)0,4.p-2q+l (h a q+l ...a 2g +ld 2 p- q +2...d4p_ 2? 

t- \ J c ai...a 2 q+i c ai...a4p_ 2 q+i /^-i \ 

^a 1 ... a9 d 1 ...d 2p _ g+1 - (g+l)!(2p-g-l)! 1 } 

for some $. The field $ can be eliminated by a gauge transformation ( fl39|) with k = q) 

^ai---a q+ idi---d2 p - 9 -i ^ _|_ (Jj^ai ■■■a 9+ idi ■■■d 2p - q -i (42) 

so that 

J~ ai ...a q a±...a2p-q+i = 0- (43) 

For the case q = (.D' = 1), eq. ()43p is the only self-duality condition. This case was 
already studied in the literature for spacetime dimensions D — 6 [5] and D = 10 [TT] . 
For g 7^ 0, we consider the equations of motion for k > q + 1. They are 

55 d fe -Ffeai...q g _ 1 di...d 2p _ g+ i + (9 6 F ai ... ag _ 1 q 1 ,,,q 2p _ <;+1 fe _ 



^a 1 ...a 9 _ 1 di...d 2p _,+i (g _ l)!(2p - g + 1)! 

x c r) 6 R. • • -\- B^F 

OD _ n — ooi— Oa 9 -fc+iai— o 2 p-2 9 +fc-l ~ ^ ai...a 2<3 _ fc+1 di...d 2p _2 9+ fc-i£ 



5^4ai...a 2 « J - fe+ idi...d 2p _ 29+fe -i (2g - k + l)!(2p - 2g + fc - 1)! 



5S 

£yjdi...d 2p 



d b Fba 1 ...a 2p + ^ 6 -^di...d 2p f) 



0. 
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To solve dSJ), we substitute (S3]) into (jBD and get 

^ 2 P 9+2 J r ai aij _ l(ii ( j 2p _^ +2 = 0. (47) 

Its solution is 

( \Q 2 £ f . . f)0-4.p-2q+l (f)0-q...a2q + ld2p-q + 3...d4p-2q 

-p V ) c ai...a 29 +i c ai...a4 p _2 9 +i u ' _ f/IQ^ 

■/-a 1 ...o,_ 1 d 1 ...fc P _ fl+a - (g + 2)!(2p-g-2)l ' 1 J 

Using a gauge transformation ( (1391) with fc = g — 1), 

^ai---aq+2<ii---a2p-9-2 ^ _|_ ■■■a 9 +2ai ■■■a2p-<j-2 (49) 

we obtain another self-duality condition 

J~ ai ...a q -\ai...a2 v - q +2 ~ ^- (50) 

Now we can iterate this procedure to solve the equations of motion of y 4 a i--- a 9-2«i---a2 P - g +2 > 
In general, for a given value of k from q + 2 to 2q + 1, we solve an equation of motion 
by introducing arbitrary functions $ as 

( \k 2 , , Qa4 p _2q+1 (jja2q-fc+2--- a 2<3+ia2p-2(j+fc+l-"'i4f)-2<j 

-7- V / c ai...a 29 +i c ai... 04^-29+1"^ ^ 

oi...o2 g -fe+idi...d2p-2«+* ~~ A;!(2p — A;)! ' 

Then we obtain other self-duality conditions by using the gauge symmetry ( 1391) from 
k = q — 1 down to A; = iteratively. 
Finally, we have 

J C a l ...a 2q . k+1 a 1 ...& 2p _ 2q+k =° (A; = g + 1, . . • , 2g + 1). (51) 

These constitute all independent self-duality conditions for the gauge field. That is, 
the Hodge dual of these conditions imply the other half of the self-duality conditions 

^ r ai...a 2? _ fc+ idi...d 2 p_2 (;+ fc = (k — 0, . . . ,q). (52) 

Similar to the case in section |3J the self-dual gauge fields A$d satisfying all self- 
duality conditions are related to the gauge potential A in our theory only after field 
redefinitions (gauge transformations) 

^.a^.-.a^ = r ;..,u ",..."„. * (k = 0, . . . , q) , (53) 

^..«*d 1 ...d ap _j = ( A + Qy 1 ...a k a 1 ...a 2p . k (k = q + 1, . . . ,2q + 1) , (54) 

where the fields $ are introduced when solving the equations of motion (see (1511) ). 
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6 D" > D' = even 

The story for even D' proceeds essentially in the same way as the odd D' case, except 
that here we need to assume Ai®" to be Euclidean (and so Aif is Lorentzian). Let 
D' = 2r + 2 < D" for some r G {0, 1 . . . ,p — 1}. The action for this case is fHM 

S =-U d D xY ^±q_^E±lzl^_ (55) 

2 7 ^ j!(2p-j + l)!2V +1 1 > 

and the gauge transformations are 

foj^a\...a2, — fc+2«i •••a2p-2r+fc-2 = <^)ai---a2r-fc+2ai---<i2p-2r+fc-2 ^d) = 1 T 

^^ai...a2 r _fc+2dl---d2p-2r+fe-2 = yai---<l2r-fc+2'il--- < i2p-2r+ft-2 (2;°) ^ = ^ _|_ ]_ (56) 

^J^a\...a 2 , — fc+2ai—02p_2r+fe-2 =0 /u = 7" + 2 2r + 2 

in addition to the ordinary gauge transformations. It is easy to check that S is invariant 
under these transformations. 

The nontrivial equations of motion of the gauge fields are 

SS 



(k = r + l,... ,2r + 2). (57) 



fij^ai...a 2r -k+2< 1 l---a2p-2r+k-2 

For k = r + 1, the equation of motion is 

9 p J~ ai ... ar+1 a 1 ...a2p-r-ia,2p-r ~ ^5 (58) 

which is solved by 

f c. f)Q-2p-r + l (f)0,r + 2---0-2r+20-2p-r + 2---0-4p-2r 

^"oi...a r+ idi...a2p-r-i02p-r ~~ (r + l)!(2p — r)! ' 

Taking the Hodge dual of both sides of this equation, we find 

J~ai...a r+ iai...a2p-r-ia,2p-r ^|oi ...a r +i |a2---a2p-r] " (^0) 

Then the equation of motion ( 158]) implies 

^-5 [dl $| ai ... ar+1 |, 2 ... A2p _ r] = 0. (61) 

Now we notice that the field $ defined via (j5T?|) is only defined up to a total derivative 
term 

^ , ai...a r -|_i&2...&2p-r ~^ ^ > a 1 ...a r+1 a 2 ...a2p- r ^[&2 ^|a,i ...a r +l |03...02p-r] > (^2) 
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which is similar in spirit to a gauge symmetry. (It is the gauge symmetry of a gauge 
symmetry.) Thus we can choose the Lorentz gauge for $ 



d^<S> ai ... ar+1 a 2 ...a 2p . r = 0. (63) 

After gauge fixing, eq.t lBTj) becomes 

9 $oi...o r +iai...d2p-»— i = 0) (64) 

where d = d a da is the Laplacian on M%" . Assuming that is of Euclidean 

signature, the only solution to the Laplace equation (Ell) is ** 



< ^ > ai...a r+ idi...a 2p -r-i j a\...a T j r \a\...h% v - r -x ) (66) 

for some functions / independent of x a . Hence ( 1591) becomes a self-duality condition 

J~a 1 ...a r+ ia 1 ...a2p- r -ia2p-r ~ 0- (67) 

Next we consider the case k = r + 2. The equation of motion ( 1571) for k = r + 2 is 

d + ..»,,. ,/, + d b F bai ,.. ar a 1 ...a 2p . r = 0. (68) 

Using f lBTj) . we can rewrite the 2nd term in fl68|) as d b F b ..., which equals —d b F b ^ due to 
Bianchi identity. As a result ( 1681) is equivalent to 

9 p + J~a 1 ...a r ai...a2p- r a2p-r+i 0, (69) 

and the solution is 

c c f^O,ip-2rff)ar+l— 02r+2d2p-r+2...a4p-2r-l 

t;- c ai...a2r+2 c ai...a4 p _2r L/ ^ ^70^ 

^ai...a r di...d 2p -rd2p-r+i — (r + 2)!(2p — r — 2)! ' 

One can gauge away $ on the right-hand side by using the gauge degree of freedom in 
( 1561) with k = r, and arrive at the self-duality condition 

^ r ai...a r di...d2p_ r+ i = 0. (71) 



**Here we assume that the boundary condition of <£> at infinity is such that the integration 
J d x da($d a $) vanishes, so that, for the inner product of two functions / and g defined by 
(f\g) = fd D xf*g, 

= -($|d 2 $) = (9d$|9a$) > 0, (65) 

which implies that da& = 0. 
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The variation of the action with respect to the remaining gauge fields are 

SS n 9 Fba 1 ...a r - 1 a 1 ...a 2 p-r+i + ® ^a 1 ...a r - 1 a-i...a2 p - r +\b 



^ y ^a 1 ...a r - 1 a 1 ...d 2 p-r+i (r — 1) !(2p — T + 1) ! 



.a 2r _fc + 2ai...a 2 p_2r+fc-2 ~ w ai...a2 r _fc+2di...d2j,_2r+fc-2& 



( J j 4oi...o 2r _ fe+ adi...oa p _ 2r . +fc _a (2r — + 2)!(2p — 2r + — 2)! 



SS d b F bai ,„g 2p + d b F di d2pb _ 



$A*i"**P (2p)\ 

As we have done many times already, after substituting (!7Ii) into ( 1721 . solving the 
differential equation, and then using the gauge symmetry (1561) with k = r — 1, we 
obtain another self-duality condition. Repeating the same manipulation for higher and 
higher values of k, one derives all the remaining self-duality conditions 

J 7 Bi...o2p_fc+ 2 oi...d2p_2r+fc-i = (A; = r + 3, . . . , 2r + 2) . (75) 

Similar to the previous two sections, one can check that there is a 1-1 correspondence 
between the gauge potential A in our theory and self-dual gauge configurations Asd 

A^;" >" ■">■ ' = A a 1 ...a h &i...a ap - h (Jfe = 0, . . . , r + 1), (76) 

A cn„.a k a x ...a 2p _ h = ( A + $ )a 1 ...a fe d 1 ...d 2p _ fe (jfc = r + 2, . . . , 2r + 2), (77) 

where $ are the fields arising when we solve the equations of motion of A. 

7 Hidden Lorentz Symmetry 

The action Sd'+d" ( JT31) is manifestly invariant under the SO(D' — 1, 1) x SO(D"), or 
SO(D') x SO(D"—l, 1) subgroup of the full Lorentz group SO(D—l, 1) of the spacetime 
.M 13 = JAf x -M,f", depending on the signature of Aif and M.® ' ■ The Lorentz 
symmetry transformations which mix x a with x a are no longer manifest. Nevertheless, 
the action S is actually fully Lorentz invariant under a modified Lorentz transformation 
rule for those transformations which mix x a with x a . This is the main topic of this 
section. 

For simplicity we impose the gauge fixing condition 

A a ,.. 0fcdl ...d 2p _ fc =0 (k — [D'/2\ +!,■■• ,D' — a), (78) 
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where is the largest integer not greater than s, a is given in fl5]) so that D' — a = 
min(Z) / , 2p). Thus we only have to consider the transformations of the remaining fields 

A ai ... akhl ...a 2p . k (* = 0,1,... AD'/2\). (79) 

Our claim is that 

SS = Ja SA ai ... aMp _ k (80) 

fc=0 on -a 1 ...a k a 1 ...a 2p -k 

vanishes for the modified Lorentz transformation rule 

°~A ai ak a 1 ...a 2p _ k = ^lA ai ...a k ai...d 2p - k + ^A ai ...a k di ...d 2p _ fc > ($1) 

where 

^1^4ai...a fc di...d 2p _fc = ^\a k A ai ...a k _ 1 ]bd 1 ...a 2p _ k ~ i^P ~ ^) ^[dl ...a fc fe|d 2 ...d 2p _ fc _i] 

+A bb (x^ fe -x^)A ai ... afc , 1 ... (i2p _ fc , (82) 

^2^4ai...a fc di...d 2p _ fe = $ L^7 2 J , k ^b X 3~ba 1 ...a k d 1 ...d 2p _ k 

D'=even' SlD>/2]-l,kXlx b J r bai ...a k a 1 ...d 2p _ k - (83) 

In the expressions above, k — 0, 1, • • • , LD'/2J, and X a a is the Lorentz transformation 
parameter. 

Because of the gauge-fixing ( 1781 . some of the field strength components vanish, and 
thus their dual field strengths also vanish 

F ■ ■ = F =0 (84) 

for j = 0, 1, • • • , |~-D'/2] — 2. Using the expressions of SS/SA we computed earlier 
when we derived the equations of motion, we check after lengthy calculations that 
SiS + 8 2 S = for all decompositions D = D' + D" . 
More specifically, for D' = D", 

6,3 = -5 2 S = y rf D ^A^ ai - a ^-^^ ai ... ap(i ,.., p ; (85) 

for £>' = 2g + 1, 

*iS = -5 2 S = 2qK2 l_ q)] J ^■■^--X...^ 



q ai...a 2 p_q j 



6) 



and for £>' = 2r + 2 



^ = "^ = 2r !(2p-r)! / ^A^— -^-^ ai ... ara ,..d 2p _,. (87) 
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8 Interaction with Charged Branes 



A 2p-form gauge potential naturally couples to a (2p — l)-brane with a 2p-dimensional 
worldvolume as the electric charge. The interaction between the (2p — l)-brane and the 
field should preserve all the gauge symmetry. In particular, the new gauge symmetry 
( 120|) are needed in order to have first order differential equations as equations of motion. 
We find the interaction term of the action to be given by 

r D ' F ■ ■ O" ":•••"/' 2 /'' • j 

int _ jD„ \^ a 1 ...a D ,_ j a 1 ...a D/2 _ D , +3 



where 



Q = a-d (89) 



is a (2p+l)-form and a represents the source. Roughly speaking, the source term (a 
and its Hodge dual a) should be determined by a Dirac delta function which specifies 
the location of the (2p — l)-brane. We will give explicit examples below. 

With the interaction term fl88|) added, the modified equations of motion can again 
be reduced to first order differential equation using the additional gauge symmetries 
eq.(|2UD as 

(^+2)a,..a fc a,.., 2p _ fcfe = 0, (90) 

saying that F is no longer self-dual but F + a is. At the same time the equations of 
motion imply 

d\F+Q) ai ... akai ... a2p _ kb = 0, (91) 

By means of the Bianchi identity, we can rewrite eq. fl9ip in following form which was 
obtained earlier in [9]: 

8 (F + &) ai ... ak a 1 ---a 2 p- k b + 9 (F + <j)ba 1 ---a k d 1 ---d 2p - k = ^CT/iOi-Ofcdi— a 2p -k • (92) 

Although it appears that the effect of the source term is merely to replace F by F+a 
in both equations of motion fl90l) and fl9T|) . one cannot redefine F to absorb o. The 
reason is that, although F and a are both (2p+ 1) -forms, F is a closed differential form 
while a is not. This also explains why there is an additional term on the right-hand 
side of (|92|). 

To be more explicit, let us give some examples for each type of spacetime decom- 
position: 
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1. D' = D" 



Xl—XkX\—X2p-kV> 



2p+l 2p+l 

11 5{x & ) J] 5(x e ) (0<k<p). (93) 
e=k+i £=2p-fc+i 



2. D' = odd 



lJ u X\---X^X\-X 



2p-kV 



2q+l Ap-2q+l 

II S ( x t) II (0<k<q). (94) 

i=k+l i=2p-k+l 



3. D' — even 



Xl—XkXf-Xap-kV 



2r+2 4p-2r 

n s(x e ) n 6(± t ) 

£=k+l £=2p-k+l 



[l<k<r + l). (95) 



Here the value of k is a fixed number used to specify how the 2p- dimensional world- 
volume of the source brane is divided into Aif x M.% ' . We use the divergence of a 
to define a, with all other components of the divergence of a vanishing. These diver- 
gence relations do not determine a uniquely but different solutions of a are equivalent]*] 
The x/s and xg's appearing in the delta functions (there are 2p + 2 of them) are the 
coordinates transverse to the brane. 

In order for the brane to be time-like, one should choose the non-vanishing com- 
ponents of d ■ a to have a time-like index. This imposes a constraint on the choice of 
d ■ a for the D' = even case because the coordinate space {x a } of A4f ' is of Lorentzian 
signature. 

For the source given above, the equation of motion (1921) becomes 



9 b (F + a) xi .. m .. ±2p _ kb + 8\F + a),,,....,,,,.. 

( 2p+l 2p+l 

J] 6{x t ) J] 6{it), (D> = D'% 
e=k+i e=2p-k+i 

2q+l 4p-2q+l 

J] 6(xi) J] 6(x t ), (D' = odd), 
e=k+i e=2p-k+i 

2r+2 4p— 2r 

II S ( x <) II (D' = even). 

e=k+i e=2p-k+i 



X2p-k 



(96) 



* A more familiar expression of the interaction term is of the form A ■ j for some current j. In 
the interaction term is of the form — F ■ Q, and since F = dA, it is equivalent to A ■ dQ up to a total 
derivative. Thus dQ is the current j coupled to A. 
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9 Examples 



9.1 D = 2, (D',D") = (1,1) 

The simplest example of self-dual field theory is the two-dimensional theory of chiral 
bosons. The only possible decomposition of the 2D Minkowski space is 



ji+i 



(97) 



We use x 1 and x l to denote the coordinates on each factor of R. Either x 1 or x 1 can 
be time-like, and the other one space-like. 

The gauge potential has no index and has only one component which will be denoted 
as 0. The action is 

Si+i = ~J d 2 xF l T h (98) 

where F\ = an d F 1 = <9i0. It is the same as the action given in [2]. Note that this 
action is invariant under the gauge transformation (the second line in (|20!) ) 

0^0 + /(x 1 ) (99) 

for an arbitrary function f{x v ) that is independent of x 1 . This is a larger gauge sym- 
metry than the usual gauge symmetry for a 0-form gauge potential, which is restricted 
to constant /. 

The action is not manifestly Lorentz invariant. Define the modified Lorentz trans- 
formation law 

50 = \ ah (x a da - Xad a )<P + A^"J* a EE 0^0 + 5 2 0, (100) 

where 

5 l( j) = \ a \x a da - x & d a )<f>, 5 2 = Ayj n . (101) 

When J 7 = 0, <5 2 = and #i0 is the usual Lorentz transformation law. Then one can 
check that 

5 t S = -5 2 S = \J d 2 x XtJ r aJ ra (102) 

and so the action S is invariant under this modified Lorentz transformation law. 
The equation of motion is 

%i = o =► d 1 T i = 0, (103) 

00 

whose solution is 

J r i=g(x 1 ), (104) 
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where g{x l ) is an arbitrary function depending only on x 1 . The function g{x 1 ) can be 
absorbed by the gauge transformation ( 199]) with /(x 1 ) = — f x dyg(y), and then we 
have the self-duality condition 

Ji = 0. (105) 

9.2 D = 6, (D', D") = (1,5) 

The decomposition (£)', £)") = (1, 5) was used previously for the formulation of M5- 
brane [8] and type II B supergravity [TTJ. The gauge potential has the following compo- 
nents 

A u , A. h (d,6 = i,---,5). (106) 

The action is 

S 1+5 = -\J d 6 xF uh T uh . (107) 
The equation of motion obtained by varying S1+5 with respect to A la is 

which is identically zero. This means that S1+5 depends on A la only through total 
derivative terms. Thus the theory has the gauge symmetry 

A ld ->■ $ ld (109) 

for arbitrary functions $ la . 

The equation of motion for A d ^ is 

J$ = =► ^ = 0, (110) 

whose solution is 

= tub*?**", (HI) 
where $ le are arbitrary functions. Using the gauge transformation of A\a fU09p . we 
can make a gauge transformation to absorb $ le and arrive at the self-duality condition 

^d6c = 0, (112) 

which is the only one self-duality condition in the special case. 

An equivalent formulation of this theory is to start with a theory without A la . The 
only fields of this alternative formulation are A ab . The action is taken to be S1+5 with 
all A la set to zero, so that F^, which appears in J-^, is now replaced by 

fide = diA de . (113) 
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The equation of motion of A ab is still of the form (IllOp . but with T abi replaced by 

F dbc ~ 2 e abcdef lde = F abc + ifabcde^ A ^ = ^dbcde^^ ■ ( 114 ) 

This can be rewritten as the self-duality condition (11121) if we define 

F ld e = 9^.-8^ + 8^. (115) 

Hence the functions $ la appearing in the solution of the equations of motion should be 
interpreted as the components A la of a self-dual gauge potential together with A ab . 

9.3 D = 6, {D',D") = (2,4) 

Instead of decomposing the 6D Minkowski space M 1+5 as M 1 x M 5 or R 1 x M 1+4 like we 
did in the previous subsection, here we consider another decomposition 

R l+5 = x R 4_ ^ 116 ^ 

To our knowledge this decomposition was never discussed in the literature. The 2-form 
gauge potential has the following components 

Aab, A aa , A. b (a,b= 1,2; d, 6 = i, • • ■ ,4). (117) 

The action is 

S 2+4 = -\J d 6 x(2F ab6 F abd + F abd F ab6 ) . (118) 
The variation of the action with respect to A ab , 

= o =► j**- = °. < 119 > 

vanishes identically, and thus the gauge potential A ab can perform the gauge transfor- 
mation 

A ab A ab + Q ab . (120) 
The equations of motion of A aa and A ab are, 

5S2 + 4 = o -d b F ■ = (121) 

§Aaa 2 ahb 



SS 2+ 4 q v 1 



d 6 (J r + F) abc + d a F aab 



0. (122) 



6A a 4 L 

The solution to eq. (11211) is 

Faab = ^ b e ab6d d^ bd (123) 
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for some arbitrary functions Taking the Hodge-dual of both sides of eq. (I123j) . we 
have another solution to eq. ( 11211) 

^ = d^ ab -d b $ aa . (124) 

Identifying these two solution of eq. (I12ip leads to 

d^ ab ~ d b $ aa = e^Jf^, (125) 

and then we act d a on both sides of the equivalence relation, 

d b d b <S> a a-dad b $ ab = 0. (126) 

There are two gauge degrees of freedom in the field $ aa because the content of the 
equation f l 1 2 3 [) is unchanged under the transformation 

$ad ->• $ad + ^A a . (127) 

As a result we can choose the Lorentz gauge <9 a $ a d = and then (I126[) reduces to 

9 2 $ ad = 0, where d 2 = d & d & . (128) 

Imposing the boundary condition that $ aa vanishes at infinities of the 4D Euclidean 
space M. 4 such that dl28[) has the unique solution $ a(i = 0, we arrive at one of the 
self-duality conditions 

Faah = 0- (129) 

Next, plugging ffT29|) into (1T221 implies that 

= ^ ab e abcd d d n ab (130) 

for some arbitrary functions Q ab . After performing the gauge transformation 5A a b = 
Q a b, the equation above becomes the other self-duality condition 

Fabc = 0- (131) 

Eqs. (I129p and (113 ip are sufficient to guarantee the self-dualty conditions for all com- 
ponents of the field strength. 

To summarize, solutions of A to the equations of motion derived from the action 
5*2+4 ( 11181) can be identified with a self-dual gauge potentials Asd 

Af D = (A + Q) ab , Af D = A ab , Af D = A db . (132) 
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9.4 D = 6, (£>', £>") = (3, 3) 

Now we introduce the 3rd formulation for 6D self-dual gauge theory based on the 
decomposition of 6D Minkowski space 

R l+5 = R l+2 x ^33) 

This formulation was first introduced in [3] as a linearized version of the M5-brane 
theory. It was later extended to the full interacting M5-brane theory in [4], and the 
self-duality conditions in the nonlinear version of the pure gauge theory were explicitly 
examined in [12], and the full theory including interactions between gauge fields and 
matter fields is analyzed in [13]. 

The gauge potential has the following components 

A ab , A ah , A. h (a, b =1,2, 3; a, 6 =1,2,3), (134) 

where the indices a = (1, 2, 3) and a = (1, 2, 3), correspond, respectively, to the SO(2, 1) 
and SO (3) subgroup of the full D = 6 Lorentz group. The action is 

S 3+3 = — ~7j J d 6 x(P abc F abc + 3F ab& F ab& ). (135) 

The terms involving A ab is a total derivative, and thus the equation of motion of A ab 
is trivial 

f^? = =► \(d c F abc + d c F abc )=0. (136) 

This means that 

A ab ->• A ab + $ a6 (137) 

is a gauge symmetry. 

The equations of motion of A ail and A hb are 

J^ = ° ^ d b T aab = 0, (138) 

fp? = ° =► 5(^ + 9*^=0- ( 139 ) 
The solution to (11381) is 

^ = ^c6 abc d c $ bc (140) 

for some arbitrary functions $ 6c . Through a suitable gauge transformation (I137p . it 
can be reduced to 
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Substituting (1141 j) into (I139p . we solve the latter as 



?m = ^ b J(* a ), (142) 

where f(x) is a function depending only on the coordinates x a but not on x a . Since 
f(x) can always be written as d a f a for some fields f a (x b ), it can be absorbed by a 
field redefinition A a b — » + e a bcf c - One can check that this does not spoil the self- 
duality condition ( |14ip we obtained earlier. Hence we finally have the other self-duality 
condition, 

= 0- (143) 

Together with (I14ip . they constitute the full self-duality conditions for the 6D self-dual 
gauge field A. 



10 Comparison with the holographic action 

The results presented above are closely related to the work of Belov and Moore [9]. 
E They defined an action, which is called the holographic action, for self-dual gauge 
fields, based on a decomposition of the space of (2p + 1) -forms Vr. In their notation, 
Vr — Vz © V-ti where V 2 L = *eV% is the orthogonal complement with respect to the 
Hodge metric. (The subscript E stands for Euclidean, as the formulation starts with a 
Wick- rotated space with Euclidean signature.) Thus, in particular, a field strength F 
can be decomposed as F = E 2 + F 2 L . (F is denoted as R in [9].) 

The decomposition of spacetime Ai D — Aif x we considered in this paper 

also leads to a decomposition of the space of differential forms. For (2p + l)-forms, we 
can choose 

V 2 X = {dx ai ■ ■ ■ dx ak dx^ ■ ■ ■ dx^~ k+1 \k = 0, 1, • ■ ■ , [D'/2\ }. (144) 

For a given field strength F, the part of F 2 depends only on the components 

{A ai ... ak&1 ... &2p _ k \k = 0,l,--- ,KD'/2J} (145) 

of the gauge potential, and these are exactly the components of the gauge potential 
that cannot be gauged away in our formulation (see, e.g, (J20l)). The decomposing the 
space of the field strength F as in the work of Belov and Moore is thus implied by our 
classification of the gauge potential components A. 

t We thank Yuji Tachikawa for pointing out this reference to us after the first version of this paper 
appeared on arXiv. 
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Another technical difference between these two approaches is that we used the 
equations of motion to prove the self-duality condition, while Belov and Moore used 
the equations of motion to prove that the (2p + l)-form F + = + *F^~, which 
is by definition self-dual, is closed. Nevertheless, since the self-dual field strength is 
completely fixed by the part in V^~, the full field strength is the same independent 
of whether the rest of the components are obtained by definition as *F^~, or obtained 
by solving equations of motion which lead to self-duality conditions. 

Apart from these technical details, our work can be viewed as an application of the 
holographic action [9] with a special choice of the decomposition of Vr. The work of 
Belov and Moore [9] is more general and has the advantage of being able to deal with 
topological issues more properly. They have also shown how to couple D-branes to the 
self-dual fields. Our work is on the other hand focused on a special realization of their 
general formulation, giving explicit expressions of the action in terms of gauge potential 
components, and explicit expressions for Lorentz transformation laws. This is achieved 
by realizing that the construction of a self-dual field theory is naturally connected with 
the decomposition of space-time, when it is a product space. 

11 Conclusion 

In this work we constructed Lagrange formulations for self-dual gauge theories in D = 
Ap + 2 dimensions (p = 0, 1,2, •••) for arbitrary decomposition D = D' + D" . In 
addition to the ordinary gauge symmetry 

A (2p) A< 2p ) +dA (2p - 1} , (146) 

the action (fl3|) - (fl5|) is invariant under additional gauge transformations, which allow 
us to gauge away some of the components of A, leaving the following components 

A ai ...a k a,...a 2v . k (* = 0, 1, • • • , [D' /2\ ) (147) 

as dynamical variables satisfying 2nd order differential equations. In the process of 
solving the equations of motion for these remaining components of A, additional fields 
$ are introduced when 2nd order differential equations are integrated to 1st order 
differential equations. Together with those components of A in (11471) . the fields $ are 
to be identified with the rest of the components of the self-dual configuration. Despite 
the fact that the action is not manifestly Lorentz invariant, it enjoys the full Lorentz 
symmetry with a modified transformation law (T5TT) . 
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Potential applications of our new formulations of self-dual gauge theories include 
rewriting a self-dual gauge theory, say, the action of type II B supergravity for decom- 
positions other than (D',D") = (1,9), which was already constructed in [TT] Other 
decompositions (D', D") may be more convenient when specific backgrounds are con- 
sidered, e.g. when the spacetime is naturally viewed as a product space. For example, 
the decomposition (D', D") = (5, 5) will be especially convenient when we try to con- 
struct new solutions of II B supergravity as deformations of the AdSs x S 5 background. 
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